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CALABI-YAU STRUCTURE AND
SPECIAL LAGRANGIAN SUBMANIFOLD
OF COMPLEXIFIED SYMMERIC SPACE
NAOYUKI KOIKE
Abstract. It is known that there exist Calabi-Yau structures on the
complexifications of symmetric spaces of compact type. In this paper,
we describe the Calabi-Yau structures of the complexified symmetric
spaces in terms of the Schwarz’s theorem in detail. We consider the
case where the Calabi-Yau structure arises from the Riemannian met-
ric corresponding to the Stenzel metric. In the complexified symmetric
spaces equipped with such a Calabi-Yau structure, we give constructions
of special Lagrangian submanifolds of any given phase which are invari-
ant under the actions of symmetric subgroups of the isometry group of
the original symmetric space of compact type.
1. Introduction
An 2n-dimensional Riemannian manifold is called a Calabi-Yau manifold
if the holonomy group is a subgroup of SU(n). A Kaehler manifold is Calabi-
Yau if and only if it is Ricci-flat. Let (M,J, ω) be a complex n-dimensional
Kaehler manifold, where J is the complex structure and ω is the Kaehler
form. Also, let g be the Kaehler metric associated to (J, ω). If there exists a
non-vanishing holomorphic (n, 0)-form Ω onM (i.e., the holomorphic complex
line bundle
∧(n,0)
h (M) is trivial), then (M,J, ω) is called a almost Calabi-Yau
manifold. In particular, if (ω,Ω) satisfies
ωn = (−1)n(n−1)/2(√−1)nc(Ω ∧ Ω)
for some positive real constant c, then (M,J, ω) is Ricci-flat and hence it is
Calabi-Yau. By replacing Ω to a suitable positive real constant-multiple of
Ω if necessary, we may assume that c = n!2n . In the sequel, the Calabi-Yau
manifold (resp. the Calabi-Yau structure) means a quadruple (M,J, ω,Ω)
(resp. a triple (J, ω,Ω)) such that (J, ω) is a Kaehler structure and that
(ω,Ω) satisfies
(1.1) ωn = (−1)n(n−1)/2n!
(√−1
2
)n
Ω ∧ Ω.
1991 Mathematics Subject Classification. 53D12, 53C35.
1
2 NAOYUKI KOIKE
Let (J, ω,Ω) be a Calabi-Yau structure on M and g the Kaehler metric as-
sociated to (J, ω). Then, for any real constant θ, a n-form Re(e
√−1θΩ) is
a calibration on (M, g). A submanifold calibrated by Re(e
√−1θΩ) is called
a special Lagrangian submanifold of phase θ. According to Strominger-Yau-
Zaslov’s conjecture ([SYZ]) for the Mirror symmetry in the string theory, it
is important to construct special Lagrangian submanifolds in a Calabi-Yau
manifold.
Let M be Cω-Riemannian manifold and MC its complexification. In 1991,
V. Gillemin and M. Stenzel ([GS]) gave a construction of Ricci-flat metrics on a
sufficiently small tubular neighborhood ofM in MC. Let G/K be a (Reiman-
nian) symmetric space of compact type. The complexification (G/K)C ofG/K
is defined as the complexified symmetric space GC/KC equipped with the GC-
invariant anti-Kaehler metric βA. The anti-Kaheler manifold (G
C/KC, βA) is
called an anti-Kaehler symmetric space. This space (GC/KC, βA) is identified
with the tangent bundle T (G/K) of G/K under the one-to-one correspon-
dence Ψ : T (G/K)−→∼= G
C/KC defined by
Ψ(v) := Expp((J0)p(v)) (p ∈ G/K, v ∈ Tp(G/K))
(see Figure 1), where Expp denotes the exponential map of (G
C/KC, βA) at
p, J0 denotes the natural complex structure of G
C/KC and v is regarded as a
tangent vector of the submanifold G · o(≈ G/K) (o = eKC) in GC/KC. For
each p ∈ G/K(≈ G · o) set Ψp := Ψ|Tp(G/K)(= Expp ◦ (J0)p) and (G/K)dp :=
Ψ(Tp(G/K)). Note that (G/K)
d
p’s equipped with the (Riemannian) metric
induced from βA are isometric to the symmetric space G
d/K of non-compact
type given as the dual of G/K and they are totally geodesic submanifolds in
(GC/KC, βA).
o
p
Ψ(To(G · o))
G · o = G/K
Ψ(Tp(G · o))
(J0)p(v)
v
GC/KC
Ψ(v) = Expp((J0)p(v))
Figure 1.
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We consider the case where G/K is the sphere SO(n + 1)/SO(n)(= Sn(1)).
Then the complexification SO(n+1,C)/SO(n,C) of SO(n+1)/SO(n) is em-
bedded into Cn+1 as the complex sphere Sn
C
(1) := {(z1, · · · , zn+1) |
n+1∑
i=1
z2i =
1} of complex radius 1. The natural embedding ι of SO(n + 1,C)/SO(n,C)
into Cn+1 is given by
ι(q) := cosh(‖Ψ−1(q)‖) · −→Op+√−1 · sinh(‖Ψ
−1(q)‖)
‖Ψ−1(q)‖ ·Ψ
−1(q)
(q ∈ SO(n+ 1,C)/SO(C)),
where p is the base point of Ψ−1(q), O is the origin of of the (n+1)-dimensional
Euclidean space Rn+1 including Sn(1)(= SO(n + 1)/SO(n)), and
−→
Op and
Ψ−1(q) are regarded as vectors of Rn+1 (see Figure 2). Hence we have
ι(Ψp(v)) = cosh(‖v‖) · −→Op+
√−1 · sinh(‖v‖)‖v‖ · v (v ∈ TpS
n(1)).
O
p
Sn(1)
√−1Ψ−1(q)
Ψ−1(q)
Sn
C
(1)
ι(q) = cosh(‖Ψ−1(q)‖) · −→Op+√−1 · sinh({Ψ
−1(q)‖
‖Ψ−1(q)‖ ·Ψ
−1(q)
−→
Op
Cn+1
Rn+1
√−1Rn+1
Figure 2.
In 1993, M.B. Stenzel ([St]) gave a construction of complete Ricci-flat
metrics on the cotangent bundle T ∗(G/K) of G/K in the case where the
rank of G/K is equal to one, where we note that T ∗(G/K) is identified
with T (G/K)(≈ GC/KC) by the metric of G/K. In 2004, R. Bielawski
([B2]) gave a construction of complete Ricci-flat metrics on GC/KC in the
case where the rank of G/K is general. These complete Ricci metrics give
Calabi-Yau structures on GC/KC together with the natural complex struc-
ture J0 and the natural non-vanishing closed holomorphic (n, 0)-form Ω0
on GC/KC. H. Anciaux ([An]) constructed special Lagrangian submani-
folds of some phase in the complexification SO(n + 1,C)/SO(n,C) of the
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n-dimensional sphere SO(n + 1)/SO(n) which are invariant under the nat-
ural action SO(n) y SO(n + 1,C)/SO(n,C). M. Ionel and M. Min-Oo
([IO]) constructed cohomogeneity one special Lagrangian submanifolds of
some phase in SO(4,C)/SO(3,C) which are invariant under the natural ac-
tion SO(2) × SO(2) y SO(4,C)/SO(3,C). K. Hashimoto and T. Sakai
([HS]) constructed cohomogeneity one special Lagrangian submanifolds of any
phase in SO(n+1,C)/SO(n,C) which are invariant under the natural action
SO(p)×SO(n+1−p)y SO(n+1,C)/SO(n,C) (1 ≤ p ≤ [(n+1)/2]). Later,
K. Hashimoto and K. Mashimo ([HM]) constructed cohomogeneity one special
Lagrangian submanifolds of any phase in SO(n + 1,C)/SO(n,C) which are
invariant under the natural action K y SO(n+1,C)/SO(n,C) induced from
the linear isotropy action K y SO(n + 1)/SO(n)(= Sn(1) ⊂ TeK(G/K))
of any irreducible rank two symmetric space G/K, where n := dimG/K −
1. Recently M. Arai and K. Baba ([AB]) constructed cohomogeneity one
special Lagarangian submanifolds of any phase and in the complexification
SL(n + 1,C)/(SL(1,C) × SL(n,C)) = T (CPn) of the complex projective
space CPn = SU(n+ 1)/S(U(1)× U(n)).
In this paper, we first construct an almost Calabi-Yau structure (J0, ωψf ,
Ω0) on the complexification G
C/KC, which is invariant under the natural ac-
tion Gy GC/KC, in terms of a C∞-function f over Rl (l : a natural number)
and investigate in what case it is a Calabi-Yau structure, where J0 and Ω0
are the natural complex structure and the natural non-vanishing closed holo-
morphic (n, 0)-form on GC/KC (Section 2). In Section 3, we investigate the
0-level set of the moment map of a Hamiltonian action on the Calabi-Yau
manifold (GC/KC, J0, ωψf ,Ω0). Let H be a symmetric subgroup of G. The
natural action H y G/K (which is called a Hermann action) is extended
to the action on GC/KC naturally. This extended action H y GC/KC
is a Hamiltonian action. In section 4, we investigate the orbit structure
of this Hamiltonian action H y GC/KC. In Section 5, in the case where
βψf (·, ·) := ωψf (J0(·), ·) is the metric generalized the Stenzel metric, we first
give a construction of an H-invariant special Lagrangian submanifold of co-
homogeneity r in (GC/KC, J0, ωψf ,Ω0), where r denotes the cohomogeneity
of H y G/K (see Theorem 5.4 and Corollary 5.5).
2. Calabi-Yau structures on complexified symmetric spaces
Let G be a compact semi-simple Lie group and θ an involutive automor-
phism of G. Let K be a closed subgroup of G with (Fix θ)0 ⊂ K ⊂ Fix θ,
where Fix θ is the fixed point group of θ and (Fix θ)0 is the identity component
of Fix θ. Denote by g (resp. k) the Lie algebra ofG (resp. K) and B the Killing
form of g. Denote by the same symbol θ the involution of g induced from θ.
Set p := Ker(θ + idg), which is identified with the tangent space To(G/K)
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of G/K at o := eK (e : the identity element of G), where idg is the iden-
tity transformation of g. Since B|p×p is the AdG(K)|p-invariant, we obtain a
G-invariant metric β on G/K with βeK = B, where AdG is adjoint represen-
tation of G. This Riemannian manifold (G/K, β) is called a (Riemannian)
symmetric space of compact type. The dimension of maximal flat totally geo-
desic submanifold in G/K is called the rank of G/K. Denote by r˜ the rank of
G/K. Also, assume that G and K admit faithful real representations. Hence
the complexifications GC and KC of G and K are defined. For the complexifi-
cation BC(: pC×pC → C) of B, its real part ReBC is a AdGC(KC)|pC -invariant
non-degenerate bilinear form (of half index) of pC(= TeKC(G
C/KC)) and hence
we obtain a GC-invariant neutral metric βA on G
C/KC with (βA)eK = ReB
C,
where AdGC is adjoint representation of G
C. This pseudo-Riemannian mani-
fold (GC/KC, βA) is called an anti-Kaehler symmetric space, which is one of
semi-simple pseudo-Riemannian symmetric spaces. Note that the terminol-
ogy “anti-Kaehler” is used in [BFV] and [Koi3, Koi4] for example. Define
j : pC → pC by j(v) := √−1v (v ∈ pC). Since j is the AdGC(KC)|pC-
invariant, we obtain a GC-invariant almost complex structure J0 of G
C/KC
with (J0)eKC = j. Take an orthonormal base (e1, · · · , en) of p with respect to
B and let (θ1, · · · , θn) be the dual base of (e1, · · · , en). Set (θ1)C∧· · ·∧ (θn)C.
Since (θ1)C ∧ · · · ∧ (θn)C is AdGC(KC)|pC -invariant, we obtain a GC-invariant
holomorphic (n, 0)-form Ω0 on G
C/KC with (Ω0)eKC = (θ
1)C∧· · ·∧(θn)C. Let
ψ be a strictly plurisubharmonic function over GC/KC, where we note that
“strictly plurisubharmonicity” means that the Hermitian matrix
(
∂2ψ
∂zi∂z¯j
)
is positive (or equivalently, (
√−1∂∂ψ)(Z,Z) > 0 holds for any nonzero (1, 0)-
vector Z). Then ωψ :=
√−1∂∂ψ is a real non-degenerate closed 2-form on
GC/KC and the symmetric (0, 2)-tensor field βψ associated with J0 and ωψ
is positive definite. Hence (J0, ωψ,Ω0) is an almost Calabi-Yau structure on
GC/KC. Thus, from each strictly plurisubharmonic function over GC/KC, we
obtain an almost Calabi-Yau structure on GC/KC. Hence we suffice to con-
struct a strictly plurisubharmonic function on GC/KC to construct an almost
Calabi-Yau structure on GC/KC. Denote by Expp the exponential map of the
anti-Kaehler manifold (GC/KC, βA) at p(∈ GC/KC) and exp the exponen-
tional map of the Lie group GC. Set gd := k⊕√−1p(⊂ gC) and Gd = exp(gd).
Denote by βG/K the G-invariant (Riemannian) metric on G/K induced from
B|p×p and βGd/K the Gd-invariant (Riemannian) metric on Gd/K induced
from −(ReBC)|√−1p×√−1p. We may assume that the metric of G/K is equal
to βG/K by homothetically transforming the metric of G/K if necessary. On
the other hand, the Riemannian manifold (Gd/K, βGd/K) is a (Riemann-
ian) symmetric space of non-compact type. The orbit G · o is isometric to
(G/K, βG/K) and the normal umbrella Expo(T
⊥
o (G · o))(= Gd · o) is isometric
to (Gd/K, βGd/K). The complexification p
C of p is identified with To(G
C/KC)
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and
√−1p is identified with To(Expo(T⊥o (G ·o))). Let a be a maximal abelian
subspace of p, where we note that dim a = r˜. Denote by W the Weyl group of
Gd/K with respect to
√−1a. This group acts on √−1a. Let C(⊂ √−1a) be
a Weyl domain (i.e., a fundamental domain of the action W y
√−1a). Then
we have G ·Expo(C) = GC/KC, where C is the closure of C. For a connected
open neighborhood D of 0 in
√−1a, we define a neighborhood U1(D) of o in
Expo(
√−1a) by U1(D) := Expo(D), a neighborhood U2(D) of o in Gd/K by
U2(D) := K · U1(D) and a tubular neighborhood U3(D) of G · o in GC/KC
by U3(D) := G · U1(D) and (see Figure 3). Denote by Conv+W (D) the space
of all W -invariant strictly convex (C∞-)functions over D, Conv+K(U2(D)) the
space of all K-invariant strictly convex (C∞-)functions
Gd · o
U2(D)
Expo(
√−1a)
U1(D)
U3(D)
G · o
GC/KC
Figure 3.
over U2(D) and PH
+
G(U3(D)) the space of all G-invariant strictly plurisub-
harmonic (C∞-)functions over U3(D). The restriction map from U3(D) to
U2(D) gives an isomorphism of PH
+
G (U3(D)) onto Conv
+
K(U2(D)) and the
composition of the restriction map from U3(D) to U1(D) with Expo gives an
isomorphism of PH+G (U3(D)) onto Conv
+
W (D) (see [AL]). Hence we suffice to
constructW -invariant strictly convex functions over D or K-invariant strictly
convex functions over U2(D) to construct strictly plurisubharmonic functions
over U3(D). Let ψ be a G-invariant strictly plurisubharmonic (C
∞-)functions
over U3(D). Denote by ψ¯ the restriction of ψ to U2(D) and ψ¯ the composition
of the restriction of ψ to U1(D) with Expo. Denote by Ricψ the Ricci form of
βψ. By a result of R. Bielawski (Theorem 3.3 in [B2]), we have
(2.1)
Ricψ = −
√−1∂∂ log det
(
∂2ψ
∂zi∂z¯j
)
= −√−1∂∂ log
((
det∇dψ¯
detβGd/K
)h)
,
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where ∇ denotes the Riemannian connection of βGd/K , (z1, · · · , zn) is any
complex coordinate of GC/KC and
(
det∇dψ¯
detβGd/K
)h
is the G-invariant function
over GC/KC satisfying(
det∇dψ¯
detβGd/K
)h∣∣∣∣∣
Gd/K
=
det∇dψ¯
detβGd/K
.
According to the result of [B1], for any givenK-invariant positive C∞-function
ϕ on Gd/K, the Monge-Ampe`re equation
(2.2)
det∇dψ¯
detβGd/K
= ϕ
has a global K-invariant strictly convex C∞-solution.
Furthermore, we can derive the following fact directly.
Lemma 2.1. (i) For anyG-invariant strictly plurisubharmonic (C∞-)function
ψ over U3(D), we have
(2.3) Ricψ = −
√−1∂∂ log
(det∇0dψ¯
detβ0
)h ,
where β0 is the Euclidean metric of
√−1a associated to −ReBC|√−1a×√−1a
and∇0 is the Euclidean connection of β0 and
(
det∇0dψ¯
detβ0
)h
is theG-invariant
function over GC/KC satisfying(
det∇0dψ¯
detβ0
)h∣∣∣∣∣∣
Expo(
√−1a)
◦ Expo =
det∇0dψ¯
detβ0
.
(ii) For any givenW -invariant positive C∞-function ϕ on
√−1a, the Monge
-Ampe`re equation
(2.4)
det∇0dρ
detβ0
= ϕ
has a global W -invariant strictly convex C∞-solution.
Proof. Since ψ¯ is K-invariant, we have(
det∇dψ¯
detβGd/K
)h
=
(
det∇0dψ¯
detβ0
)h
.
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Therefore the statement (i) is directly derived from the above result by R.
Bielawski. The statement (ii) is trivial. 
From a global W -invariant strictly convex C∞-solution ρ of the Monge-
Ampe`re equation
(2.5)
det∇0dρ
detβ0
= c (c : a positive constant)
we can construct a complete Ricci-flat metric βψ on G
C/KC, where ψ is the
G-invariant strictly plurisubharmonic C∞-function satisfying ψ|Expo(√−1a) ◦
Expo = ρ. Hence we obtain a Calabi-Yau structure (J0, ωψ,Ω0) on G
C/KC
by replacing ρ to a suitable positive constant-multiple of ρ if necessary.
We consider the case of D =
√−1a. Then, according to the Schwarz’s
theorem ([Sc]), the ring C∞W (
√−1a) of all W -invariant C∞-functions over√−1a is given by
C∞W (
√−1a) = {f ◦ (ρ1, · · · , ρl) | f ∈ C∞(Rl)},
where ρ1, · · · , ρl are generators of C∞W (
√−1a) of the ring PolW (
√−1a) of all
W -invariant polynomials over
√−1a. In the sequel, set −→ρ := (ρ1, · · · , ρl)
for simplicity. Let ψi (i = 1, · · · , l) be the elements of PH+G(GC/KC) with
ψ¯i = ρi. In the sequel, set
−→
ψ := (ψ1, · · · , ψl) for simplicity. Hence any element
ψ of PH+G(G
C/KC) is described as ψ = f ◦ −→ψ in terms of some f ∈ C∞(Rl).
As the first generator ρ1 of C
∞
W (
√−1a), we take
ρ1(
√−1v) := ‖v‖2 + 1 (v ∈ a).
In the following, set ψf := f ◦ −→ψ . By using Lemma 2.1, we can derive the
following fact.
Theorem 2.2. (i) The triple (J0, ωψf ,Ω0) is a Calabi-Yau structure of
GC/KC when
(2.6) det

 l∑
k=1
l∑
k̂=1
((
∂2f
∂y
k̂
∂yk
◦ −→ρ
)
· ∂ρk̂
∂xi
· ∂ρk
∂xj
+
(
∂f
∂yk
◦ −→ρ
)
· ∂
2ρk
∂xi∂xj
) = c,
where c is a positive constant, and (x1, · · · , xr) and (y1, · · · , yl) are the
natural coordinates of
√−1a and Rl, respectively.
(ii) Assume that
∂f
∂y2
= · · · = ∂f
∂yl
= 0. Then (J0, ωψf ,Ω0) is a Calabi-Yau
structure of GC/KC when
(2.7) det
(
2xixj ·
(
∂2f
∂y21
◦ −→ρ
)
+
(
∂f
∂y1
◦ −→ρ
)
· δij
)
= c,
where c is a positive constant, and (x1, · · · , xr) and (y1, · · · , yl) are as above.
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Proof. By a simple calculation, we have
(∇0dψ¯f )
(
∂
∂xi
,
∂
∂xj
)
=
l∑
k=1
l∑
k̂=1
((
∂2f
∂yk̂∂yk
◦ −→ρ
)
· ∂ρk̂
∂xi
· ∂ρk
∂xj
+
(
∂f
∂yk
◦ −→ρ
)
· ∂
2ρk
∂xi∂xj
)
.
Hence, from (2.6), we obtain
det
(
(∇0dψ¯f )
(
∂
∂xi
,
∂
∂xj
))
= c > 0,
that is, ψ¯f is convex. Also, we have
det
(
β0
(
∂
∂xi
,
∂
∂xj
))
= 1.
Hence we have
det∇0dψ¯f
detβ0
= c.
Therefore, from Lemma 2.1, we obtain Ricψf = 0. Thus (J0, ωψf ,Ω0) is a
Calabi-Yau structure of GC/KC. The statement (ii) follows from (i) direcctly.

Remark 2.1. (i) By using the result of [B1], we can show that the Monge-
Ampe`re type equation (2.6) has global solution f .
(ii) The Monge-Ampe`re type equations (2.6) and (2.7) coincide in the case
of rankG/K = 1.
From (ii) of Theorem 2.2, we can derive the following fact.
Corollary 2.3. Let f be the C∞-function over Rl defined by
(2.8) f(y1, · · · , yl) :=
∫ y1
1
(a log s+ b)
1
r ds+ c,
where a, b and c are positive constants. Then (J0, ωψf ,Ω0) is a Calabi-Yau
structure of GC/KC.
Proof. By a simple calculation, we have
det
(
2xixj ·
(
∂2f
∂y21
◦ −→ρ
)
+
(
∂f
∂y1
◦ −→ρ
)
· δij
)
=2
(
∂2f
∂y21
◦ −→ρ
)
·
(
∂f
∂y1
◦ −→ρ
)r−1
· ρ1 = 2a
r
.
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Hence, it follows from (ii) of Theorem 2.2 that (J0, ωψf ,Ω0) is a Calabi-Yau
structure of GC/KC. 
Remark 2.2. For f as in (2.8), βψf coincides with the Stenzel metric in the
case where G/K = SO(n+ 1)/SO(n)(= Sn).
3. Hamiltonian actions and the moment maps
Let (M,ω) be a symplectic manifold and the action H yM of a Lie group
H on (M,ω). This action H yM is called a Hamiltonian action if it satisfies
the following conditions (i)∼(iii):
(i) For any h ∈ H , h∗ω = ω holds;
(ii) For any element X of the Lie algebra h of H , iX∗ω is exact, where X
∗
denote the fundamental vector field on M associated to X , that is,
X∗p :=
d
dt
∣∣∣∣
t=0
(exp tX) · p (p ∈M)
and iX∗ denotes the inner product operator by X
∗;
(iii) There exists a family {FX}X∈h of C∞-functions over M such that
dFX = iX∗ω (X ∈ h) and that the correspndence X 7→ FX (X ∈ h) is a Lie
algebra homomorphism of h into C∞(M).
Here we note that, by the condition (ii), it is assured that there exists a family
{FX}X∈h of C∞-functions over M such that dFX = iX∗ω (X ∈ h) and that
the correspndence X 7→ FX (X ∈ h) is linear. For a function F over (M,ω),
the s-gradient vector field sgradF is defined by dF (Y ) = ω(sgradF, Y ) (Y ∈
TM). Clearly we have sgradFX = X
∗. The moment map µ :M → h∗ of this
Hamiltonian action is defined by
(µ(p))(X) := FX(p) (p ∈M, X ∈ h).
Hence the level set µ−1(0) is given by
(3.1) µ−1(0) = ∩
X∈h
F−1X (0).
Let (GC/KC, J0, ωψf ,Ω0) be a Calabi-Yau manifold stated in the previous
section and H be a closed subgroup of G. Denote by h the Lie algebra of H .
Let n := dimG/K. For simplicity, set M := G · o(≈ G/K), MC := GC/KC
and Md := Gd · o(≈ Gd/K). As stated in Introduction, set Ψp = Expp ◦ (J0)p
(p ∈ M). Set Mdp := Ψp(Tp(G · o)) (p ∈M), which is the normal umbrella of
M in (MC, βA). Note that M
d
o =M
d.
Lemma 3.1. (i) The action H y (MC, J0, ωψf ,Ω0) is a Hamiltonian action
and its moment map µψf is given by
(3.2) ((µψf )(q))(X) = −(Im ∂ψf )q(X∗q ) (q ∈MC, X ∈ h),
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where Im(·) denotes the imaginary part of (·).
(ii) The level set µ−1ψf (0) is given by
(3.3) µ−1ψf (0) = {q ∈MC | (Im ∂ψ)q(X∗q ) = 0 (∀X ∈ h)}.
Proof. Since ωψf is G-invariant and H is a closed subgroup, it is H-invariant.
Set α := −Im∂ψf . For each X ∈ h, define a function FX over MC by
FX(q) := αq(X
∗
q ) (q ∈ MC). Then, for any tangent vector field Y over MC,
we have
dα(X∗, Y ) = X∗(α(Y ))− Y (α(X∗))− α(LX∗Y ) = (LX∗α)(Y )− dFX(Y ),
where LX∗ denotes the Lie derivative with respect to X∗. Since α is H-
invariant, we have LX∗α = 0. Also, we have dα = −ω. Hence we obtain
dFX = iX∗ω. Also, it is clear that the correspndence X 7→ FX (X ∈ h) is
a Lie algebra homomorphism of h into C∞(M). Therefore the action H y
(MC, J0, ωψf ,Ω0) is a Hamiltonian action and its moment map µψf is given
by
(µψf (q))(X) = FX(q) = −(Im ∂ψf )q(X∗q ) (q ∈MC, X ∈ h).
Thus the statement (i) has been shown. The statement (ii) follows from (i)
directly. 
By using this lemma, we obtain the following fact.
Lemma 3.2. Let f be as in (2.8). Then the level set µ−1ψf (0) is given by
(3.4) µ−1ψf (0) = ∐p∈M Ψp(T
⊥
p (H · p)),
where T⊥p (H · p) denotes the normal space of H · p in M at p. Also, if
cohom(H y G/K) = r, then we have dimµ−1ψf (0) = n+ r.
Proof. Let (U, (z1 = xi+
√−1yi)ni=1) be a holomorphic coordinate ofMC such
that Span{( ∂∂xi )p | i = 1, · · · , n} = TpM holds for any p ∈ U ∩M . Note that,
for q ∈ U ∩Mdp , the following relation holds:
q = Ψp
(
n∑
i=1
yi(q)
(
∂
∂xi
)
p
)
.
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Fix p ∈M and q ∈ U ∩Mdp . Take any X ∈ h. Then, by a simple calculation,
we have
(3.5)
((µψf )(q))(X) = −2
(
log(
n∑
i=1
yi(q)yj(q)gij(p) + 1) + b
) 1
r
×
n∑
i=1
n∑
j=1
X∗i (q)yj(q)gij(p),
where gij := g
(
∂
∂xi
, ∂∂xj
)
, X∗ denotes the fundamental vector field on MC
associated to X and X∗i is the function given by X
∗ =
n∑
i=1
(
X∗i
∂
∂xi
+ X̂∗i
∂
∂yi
)
.
Hence q ∈ µ−1ψf (0) if and only if
gp
(
n∑
i=1
X∗i (q)
(
∂
∂xi
)
p
, −(J0)p
((
Expp|(J0)p(TpM)
)−1
(q)
))
=
n∑
i=1
n∑
j=1
X∗i (p)yj(p)gij(p) = 0
holds for any X ∈ h. On the othe hand, X moves over h,
n∑
i=1
X∗i (p)
(
∂
∂xi
)
p
moves over the whole of Tp(H · p). Therefore q ∈ µ−1ψf (0) if and only if
(J0)p
((
Expp|(J0)p(TpM)
)−1
(q)
)
∈ T⊥p (H · p)
holds. From this fact, the relation (3.4) follows.
Let U be the open subset of G/K of all regular points of H y G/K. Then
∐
p∈U
Ψp
(
T⊥p (H · p)
)
is an open subset of µ−1ψf (0). It is clear that the dimension
of this open subset is equal to n+r. Hence we obtain dimµ−1ψf (0) = n+r. 
4. The actions of symmetric subgroups on complexified
symmetric spaces
Let (GC/KC, J0, ωψf ,Ω0) be a Calabi-Yau manifold stated in Section 2.
As in the previous section, set M := G · o(= G/K), MC := GC/KC, Md :=
Gd ·o(= Gd/K) and Mdp := Ψp(Tp(G ·o)). Let H be a symmetric subgroup of
G and σ the involutive automorphism of G satisfying (Fix σ)0 ⊂ H ⊂ Fix σ.
The natural action H of on G/K(=M) is called a Hermann action. Assume
that σ ◦ θ = θ ◦ σ. Then the action is called a commutative Hermann action.
Set n := dimM and denote by r the cohomogeneity of the action H y M .
The groupH acts onMC as a subaction of the natural action GyMC, where
we note that Gy MC is a Hermann type action (this terminology was used
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in [Koi1]). It is easy to show that the subaction H y MC is a Hamiltonian
action. Set q := Ker(σ + idg). From σ ◦ θ = θ ◦ σ, we have
p = p ∩ h⊕ p ∩ q and k = k ∩ h⊕ k ∩ q.
Take a maximal abelian subspace b of p ∩ q and a maximal abelian subsapce
a of p including b. For β ∈ b∗, we define pβ and kβ by
kβ := {v ∈ k | ad(Z)2(v) = −β(Z)2v (∀Z ∈ b)}
and
pβ := {v ∈ p | ad(Z)2(v) = −β(Z)2v (∀Z ∈ b)}.
Also, we define △b(⊂ b∗) by
△b := {β ∈ b∗ | pβ 6= {0} },
which is the root system. Let (△b)+ be the positive root subsystem of △b
with respect to some lexicographic ordering of b∗. Then we have
k = zk(b)⊕
(
⊕
β∈(△b)+
kβ
)
,
p = zp(b)⊕
(
⊕
β∈(△b)+
pβ
)
,
h = zh(b)⊕
(
⊕
β∈(△b)+
hβ
)
,
q = zq(b)⊕
(
⊕
β∈(△b)+
qβ
)
,
where z•(b) is the cetralizer of b in (•). Set
Σb := Expo(b), Σ
d
b := Expo(
√−1b), ΣCb := Expo(bC),
Σa := Expo(a), Σ
d
a := Expo(
√−1a) and ΣCa := Expo(aC).
Note that Σa (resp. Σ
d
a) is included by M (resp. M
d) because
√−1p is
identified with To(M
d). Set Hd := exp((h ∩ k) ⊕ √−1(h ∩ p)), θd := θC|gd ,
σd := σC|gd , L := Fix(σ ◦ θ) and Ld := Fix(σd ◦ θd). The normal umbrella
Expo(T
⊥
o (H
d ·o)) ofHd ·o inMd is isometric to the symmetric space Ld/H∩K
and that the normal umbrella Expo(T
⊥
o (H ·o)∩ToM) of H ·o inM is isometric
to the symmetric space L/H ∩K (see [Koi1, Koi3, Koi4]), where T⊥o (Hd · o)
is the normal space of Hd · o in Md at o. It is shown that To(Ld/H ∩K) =√−1(p ∩ q), To(Hd · o) =
√−1(p ∩ h) and that all orbits of G y MC meet
Σda orthogonally (see [Koi1, Koi3, Koi4]). Denote by Hp the isotropy group
of H y M at p(∈ M) and hp the Lie algebra of Hp. Also, let h⊥p be the
orthogonal complement of hp in h. Set H
⊥
p := {exp X |X ∈ h⊥p }. The group
Hp acts on the normal umbrella M
d
p . First we prove the following fact.
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Lemma 4.1. For p ∈M and q ∈Mdp , we have
H · q = ∪
X∈h⊥p
H(ExpoX)·p · ((ExpoX) · q).
Hence H · q has the structure of the fiber bundle over H · p with the standard
fibre Hp · q and the structure group Hp.
Proof. Since (ExpoX) ·Mdp = Md(ExpoX)·p holds for any X ∈ h
⊥
p , the first
relation is derived. For any X ∈ (Expo, X), H(ExpoX)·p is conjugate to Hp
and H(ExpoX)·p ·((ExpoX) ·q) is diffeomorphic to Hp ·q. Hence the second-half
part of the statement is derived. 
Mdp
(ExpoX) · p
p
M
(ExpoX) · q
q
H · q
H(ExpoX)·p · ((ExpoX) · q)
in fact
M
p
(ExpoX) · p
H · p
o
Hp · q
Md(ExpoX)·p
Figure 4.
Lemma 4.2 Let q ∈ Ψp
(
T⊥p (H · p)
)
and denote by Hol⊥−Ψ−1p (q)(H · p) the
normal holonomy bundle of the submanifold H · p in M through −Ψ−1p (q).
Then we have
H · q = Ψ
(
Hol⊥−Ψ−1p (q)(H · p)
)
.
Proof. It is clear that {(ExpoX) · p |X ∈ h⊥p } = H · p. Since H y G/K is
hyperpolar, Exp(ExpoX)·p(
T⊥(ExpoX)·p(H · p)
)
is totally geodesic in M . From this fact, we can show
that the orbit H(ExpoX)·p
((ExpoX) ·q) is equal to the image of the fibre of the normal holonomy bundle
Hol⊥−Ψ−1p (q)(H ·p) over (ExpoX)·p by Ψ(ExpoX)·p. Hence it follows from Lemma
4.1 that H · q is described as in the statement. 
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5. Special Lagrangian submanifolds in complexified symmetric
spaces
Let (GC/KC, J0, ωψf ,Ω0) be the Calabi-Yau manifold stated in Section 2,
where f is as in (i) of Theorem 2.2. As in the previous section, setM := G·o(=
G/K), MC := GC/KC, Md := Gd/K(= Gd ·o) andMdp := Ψp(Tp(G ·o)). Let
H be a symmetric subgroup of G and r be the cohomogeneity of the Hermann
action H y G/K. The naturally extended action of H on (MC, J0, ωψf ,Ω0)
is a Hamiltonian action. Denote by µψf the moment map of this Hamiltonian
action. Let Z(h∗) be the center of g∗, that is,
Z(h∗) := {X ∈ g∗ |Ad∗(h)(X) = X (∀h ∈ H)},
where Ad∗ denotes the coadjoint representation of H . It is clear that µ−1ψf (c)
is H-invariant if and only if c belongs to Z(h∗). According to Proposition 2.5
of [HS], the following fact holds.
Proposition 5.1([HS]). Assume that L is a H-invariant connected isotropic
submanifold in
(MC, J0, ωψf ,Ω0), where “isotropic” means that ωψf (TL, TL) = 0 holds.
Then L ⊂ µ−1ψf (c) holds for some c ∈ Z(h∗).
In the method of the proof of Proposition 2.6 of [HS], we can show the
following fact.
Proposition 5.2. Let L be a H-invariant connected submanifold in MC and
r0 be the cohomogeneity of the action H y L. Assume that L ⊂ µ−1ψf (c) for
some c ∈ Z(h∗) and that there exists a r0-dimensional isotropic submanifold
L0 in (M
C, J0, ωψf ,Ω0) satisfying the following conditions:
(i) L0 ⊂ L,
(ii) L0 is transversal to the principal orbits of the action H y L,
(iii) H · L0 = L,
Then L also is an isotropic submanifold in (MC, J0, ωψf ,Ω0).
Proof. Take any X ∈ h and any Y ∈ TpL. From L ⊂ µ−1ψf (c), we have
d(µψf )p(Y ) = 0. On the other hand, we have (d(µψf )p(Y ))(X) =
(ωψf )p(Y,X
∗
p ), where X
∗ is the vector field on MC associated to the one-
parameter transformation group {exp tX}t∈R of MC (exp : the exponen-
tial map of H). Hence we have (ωψf )p(Y,X
∗
p ) = 0. Therefore, it follows
from the arbitrariness of X and Y that (ωψf )p(TpL, Tp(H · p)) = 0. Also,
since L0 is isotropic, we have (ωψf )p(TpL0, TpL0) = 0. Hence we obtain
(ωψf )p(TpL, TpL) = 0. Therefore, it follows from the arbitariness of p that L
is isotropic. 
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By Proposition 2.4 of [HS], we can show the following fact.
Proposition 5.3. Let L be a n-dimensional connected submanifold in
(MC, J0, ωψf ,Ω0). Then L is a special Lagrangian submanifold of phase θ if
and only if
ωψf |TL×TL = 0 and Im
(
e
√−1θΩ0|(TL)n
)
= 0.
Let f be as in (2.8). We give constructions of special Lagrangian sub-
manifolds in the Calabi-Yau manifold (MC, J0, ωψf ,Ω0). Let U be the open
subset of M of all regular points of H y M . Then, as stated in the proof
of Lemma 3.2, Σ˜ := ∐
p∈U
Ψp
(
T⊥p (H · p)
)
is an open subset of µ−1ψf (0). Since
H yM is a Hermann action, it is hyperpolar (see Subsections 3.1 in [HPTT]).
Hence the principal orbit H · p0 (p0 ∈ U) is an equifocal submanifold in
M and its section Σ := Expp0
(
T⊥p0(H · p0)
)
is an r-dimensional flat torus
T r = S1 × · · · × S1 (r-times) embedded totally geodesically into M . With-
out loss of generality, we may assume that Σ passes through o. Let C be
the component of U ∩ Σ containing p0. Then we have H · C = U . Set
Σ̂ := ∐
p∈U∩Σ
Ψp
(
T⊥p (H · p)
)
. It is clear that Σ̂ is a dense open subset of
ΣC := ∐
p∈Σ
Ψp(TpΣ) (≈ (T r)C = S1C × · · · × S1C), where S1C × · · · × S1C) denotes
the r-times of S1
C
’s. We identify ToΣ (⊂ p) and To(ΣC) (⊂ pC) with Rr and Cr,
respectively. Let τi : Ii → C (i = 1, · · · , r) be regular curves, where Ii is an
open interval. Define an immersion τ : I1×· · ·×Ir →֒ Cr by τ := τ1×· · ·×τr.
Set τ := Expo ◦ τ(: I1 × · · · × Ir → S1C × · · · × S1C(= ΣC)). Assume that
(Lτ )0 := τ (I1×· · ·× Ir) is included by Σ̂. It is clear that (Lτ )0 is an isotropic
submanifold in ΣC (hence in (MC, J0, ωψf ,Ω0)). Set Lτ := H · (Lτ )0. For any
p ∈ U and any q ∈ Ψp
(
T⊥p (H · p)
)
(⊂ Σ˜), since H · p is an equifocal subman-
ifold in M , the normal connection of the submanifold H · p in M is flat and
hence the (restricted) normal holonomy representation
(H(ExpoX)·p)0 y T
⊥
(ExpoX)·p(H · p)
is trivial, where (H(ExpoX)·p)0 denotes the identity component of H(ExpoX)·p.
Hence the action
(H(ExpoX)·p)0 y Ψ(ExpoX)·p
(
T⊥(ExpoX)·p(H · p)
)
also is trivial. Therefore it follows from Lemma 4.1 that each component of
H · q is diffeomorphic to ∪
X∈h⊥p
(ExpoX) · q. From this fact, dimH · q = n− r
follows. Since (Lτ )0 is included by Σ˜, Lτ is an n-dimensional submanifold of
cohomogeneity r inMC. By Proposition 5.2, Lτ is a Lagrangian submanifold.
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Here we shall explain that the cohomogeneity of the Hamiltonian action
H yMC is possible to be smaller than (n+ r). For q̂ ∈ Ψp (Tp(H · p)) (⊂ Σ˜),
the (restricted) holonomy representation
(H(ExpoX)·p)0 y T(ExpoX)·p(H · p)
of the Riemannian manifold H · p at (ExpoX) · p is not necessarily trivial.
Hence the action
(H(ExpoX)·p)0 y Ψ(ExpoX)·p
(
T(ExpoX)·p(H · p)
)
also is not necessarily trivial. On the other hand, we can show that H · q̂ is
equal to the image of the holonomy bundle HolΨ−1p (q̂)(H · p) of H · p throught
Ψ−1p (q̂) by Ψ. From these facts, it follows that dim (H · q̂) is possible to be
larger than (n − r). That is, the cohomogeneity of the action H y MC is
possible to be smaller than (n+ r). Set b := ToΣ, which is a maximal abelian
subspace of p ∩ q. Note that τ is rearded as a regular curve in bC under
the identification of Cr with bC. Let △b, (△b)+, kβ , pβ, hβ and qβ be as in
Section 4. Define (△Vb )+ and (△Hb )+ by
(△Vb )+ := {β ∈ (△b)+ | pβ ∩ q 6= {0} }
and
(△Hb )+ := {β ∈ (△b)+ | pβ ∩ h 6= {0} },
respectively. Note that dim(pβ∩q) = dim(kβ∩h) and dim(pβ∩h) = dim(kβ∩q).
Set mVβ := dim(pβ ∩ q) (β ∈ (△Vb )+) and mHβ := dim(pβ ∩ h) (β ∈ (△Hb )+).
Let {XVβ,i | i = 1, · · · ,mVβ } be a basis of kβ ∩ h (β ∈ (△Vb )+) and {XHβ,i | i =
1, · · · ,mHβ } be a basis of pβ ∩ h (β ∈ (△Vb )+). Also, let Y Vβ,i be the element of
kβ ∩h such that ad(Z)(XVβ,i) = β(Z)Y Vβ,i holds for any Z ∈ b. Define a Killing
vector field (Y Vβ,i)
∗ over MC by
(Y Vβ,i)
∗
p :=
d
dt
∣∣∣∣
t=0
exp(tY Vβ,i)(p) (p ∈MC)
and a Killing vector field (XHβ,i)
∗ over MC by
(XHβ,i)
∗
p :=
d
dt
∣∣∣∣
t=0
exp(tXHβ,i)(p) (p ∈MC).
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’s : (Y Vβ,i)
∗|M
H · o
H · p
o
p
M
Figure 5.
H · o
H · p
p
o
’s : (XHβ,i)
∗|M
M
Figure 6.
For Z ∈ bC, (Y Vβ,i)∗Expo(Z) and (X
H
β,i)
∗
Expo(Z)
are described as
(5.1) (Y Vβ,i)
∗
Expo(Z)
= − sin(βC(Z))(exp Z)∗(XVβ,i)
and
(5.2) (XHβ,i)
∗
Expo(Z)
= cos(βC(Z))(exp Z)∗(XHβ,i),
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respectively. A basis of Tτ(s)(H · τ(s))(= Tτ(s)Lτ ∩ T⊥τ(s)(Lτ )0) is given by(
∪
β∈(△V
b
)+
{(Y Vβ,i)∗τ(s) | i = 1, · · · ,mVβ }
)
∪
(
∪
β∈(△H
b
)+
{(XHβ,i)∗τ(s) | i = 1, · · · ,mHβ }
)
.
On the other hand, a basis of Tτ(s)(Lτ )0(⊂ Tτ(s)(ΣC) (≈ Cr)) is given by{
dτ1
ds1
e1, · · · , dτr
dsr
er
}
,
where ei := (0, · · · , 0,
i
1, 0, · · · 0) ( i1 means that i-component is equal to 1). Let
(△Vb )+ =
{βVi | i = 1, · · · , kV } and (△Hb )+ = {βHi | i = 1, · · · , kH}. From (5.1) and
(5.2), we have
(Ω0)τ(s)
(
(Y VβV1 ,1
)∗τ(s), · · · , (Y VβV1 ,mVβV1
)∗τ(s), · · · ,
(Y VβV
kV
,1)
∗
τ(s), · · · , (Y VβV
kV
,mV
βV
kV
)∗τ(s),
(XHβH1 ,1
)∗τ(s), · · · , (XHβH1 ,mHβH1
)∗τ(s), · · · ,
(XHβH
kH
,1)
∗
τ(s), · · · , (XHβH
kH
,mH
βH
kH
)∗τ(s),
dτ1
ds1
e1, · · · , dτr
dsr
er
)
= Π
β∈(△V
b
)+
sinm
V
β (−βC(τ(s))) · Π
β∈(△H
b
)+
cosm
H
β (βC(τ(s))) · rΠ
i=1
dτi
dsi
× (Ω0)o
(
XVβV1 ,1
, · · · , XVβV1 ,mVβV
1
, · · · , XVβV
kV
,1, · · · , XVβV
kV
,mV
βV
kV
,
XHβH1 ,1
, · · · , XHβH1 ,mHβH
1
, · · · , XHβH
kH
,1, · · · , XHβH
kH
,mH
βH
kH
,
(exp(τ(s)))−1∗ (e1), · · · , (exp(τ(s)))−1∗ (er)
)
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=− Π
β∈(△V
b
)+
sinm
V
β
(
r∑
i=1
τi(si)β(ei)
)
· Π
β∈(△H
b
)+
cosm
H
β
(
r∑
i=1
τi(si)β(ei)
)
× rΠ
i=1
dτi
dsi
· (Ω0)o
(
XVβV1 ,1
, · · · , XVβV1 ,mVβV1
, · · · , XVβV
kV
,1, · · · , XVβV
kV
,mV
βV
kV
,
XHβH1 ,1
, · · · , XHβH1 ,mHβH1
, · · · , XHβH
kH
,1, · · · ,
XHβH
kH
,mH
βH
kH
, e1, · · · , er
)
.
In the last equality, we used the fact that exp(τ(s)))−1∗ (ei) = ei (i = 1, · · · , r)
hold under the identification Tτ(s)Σ = ToΣ = C
r because exp(τ(s)))−1∗ is the
parallel translation along the geodesic t 7→ Expo(tτ(s)) in ΣC. It is clear that
(Ω0)o
(
XVβV1 ,1
, · · · , XVβV1 ,mVβV
1
, · · · , XVβV
kV
,1, · · · , XVβV
kV
,mV
βV
kV
,
XHβH1 ,1
, · · · , XHβH1 ,mHβH
1
, · · · , XHβH
kH
,1, · · · , XHβH
kH
,mH
βH
kH
, e1, · · · , er
)
is a nonzero real constant independent of s = (s1, · · · , sr). From these facts
and Proposition 5.3, we obtain the following fact for Lτ .
Theorem 5.4. The submanifold Lτ is a special Lagrangian submanifold
of phase θ if and only if τ1, · · · , τr satisfy the following ordinary differential
equation:
(5.3)
Im
(
e
√−1θ · Π
β∈(△V
b
)+
sinm
V
β
(
r∑
i=1
τi(si)β(ei)
)
× Π
β∈(△H
b
)+
cosm
H
β
(
r∑
i=1
τi(si)β(ei)
)
· rΠ
i=1
dτi
dsi
)
= 0.
Next we shall give solutions of the ordinary differential equation (5.3). Let
τi(si) = ϕi(si) +
√−1ρi(si) (i = 1, · · · , r), where ϕi and ρi are real-valued
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functions. Set
F (τ1(s1), · · · , τr(sr))(= F (ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr)))
:=e
√−1θ · Π
β∈(△V
b
)+
sinm
V
β
(
r∑
i=1
τi(si)β(ei)
)
× Π
β∈(△H
b
)+
cosm
H
β
(
r∑
i=1
τi(si)β(ei)
)
,
Also, let
F (ϕ1, ρ1, · · · , ϕr, ρr) = u0(ϕ1, ρ1, · · · , ϕr, ρr) +
√−1v0(ϕ1, ρ1, · · · , ϕr, ρr)
and ∫
F (ϕ1, ρ1, · · · , ϕr, ρr) dϕ1
=U0(ϕ1, ρ1, · · · , ϕr, ρr) +
√−1V0(ϕ1, ρ1, · · · , ϕr, ρr),
where u0, v0, U0 and V0 are real-valued functions. Define u1 and v1 by
u1(ϕ1(s1), ρ1(s1), ϕ
′
1(s1), ρ
′
1(s1), ϕ2(s2), ρ2(s2), · · · , ϕr(sr), ρr(sr))
:=
∂
∂s1
(U0(ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr)))
and
v1(ϕ1(s1), ρ1(s1), ϕ
′
1(s1), ρ
′
1(s1), ϕ2(s2), ρ2(s2), · · · , ϕr(sr), ρr(sr))
:=
∂
∂s1
(V0(ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))) .
It is clear that
u1(ϕ1(s1), ρ1(s1), ϕ
′
1(s1), ρ
′
1(s1), ϕ2(s2), ρ2(s2), · · · , ϕr(sr), ρr(sr))
+
√−1v1(ϕ1(s1), ρ1(s1), ϕ′1(s1), ρ′1(s1), ϕ2(s2), ρ2(s2), · · · , ϕr(sr), ρr(sr))
=
∂
∂s1
((∫
F (ϕ1, ρ1, · · · , ϕr, ρr)dϕ1
)
(ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr)
)
.
Let ∫
(u1(ϕ1, ϕ
′
1, ρ1, ρ
′
1, ϕ2, ρ2, · · · , ϕr, ρr)
+
√−1v1(ϕ1, ϕ′1, ρ1, ρ′1, ϕ2, ρ2, · · · , ϕr, ρr)) dϕ2
=U1(ϕ1, ϕ
′
1, ρ1, ρ
′
1, ϕ2, ρ2, · · · , ϕr, ρr)
+
√−1V1(ϕ1, ϕ′1, ρ1, ρ′1, ϕ2, ρ2, · · · , ϕr, ρr),
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where U1 and V1 are real-valued functions. In the sequel, we define ui, vi, Ui
and Vi (i = 2, · · · , r) by repeating the same process. Set
F̂ (ϕ1, ρ1, · · · , ϕr, ρr) :=
∫
· · ·
∫
F (ϕ1, ρ1, · · · , ϕr, ρr) dϕ1 · · · dϕr .
It is easy to show that
(ur +
√−1vr)(ϕ1(s1), ρ1(s1), ϕ′1(s1), ρ′1(s1), · · · ,
ϕr(sr), ρr(sr), ϕ
′
r(sr), ρ
′
r(sr))
=
∂r
∂s1 · · · ∂sr
(
F̂ (ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))
)
Corollary 5.5. Let F be the complex-valued function over R2r defined by
F (ϕ1, ρ1, · · · , ϕr, ρr) :=e
√−1θ · Π
β∈(△V
b
)+
sinm
V
β
(
r∑
i=1
(ϕi +
√−1ρi) · β(ei)
)
· Π
β∈(△H
b
)+
cosm
H
β
(
r∑
i=1
(ϕi +
√−1ρi) · β(ei)
)
.
If τi(si) = ϕi(si) +
√−1ρi(si) (i = 1, · · · , r) satisfy
Im
(
F̂ (ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))
)
= 0,
then they are a solution of (5.3) and hence Lτ (τ := τ1 × · · · × τr) is a special
Lagrangian submanifold of phase θ.
Proof. Since F is a holomorphic function, we have
∂u0
∂ϕ1
=
∂v0
∂ρ1
and
∂u0
∂ρ1
=
− ∂v0
∂ϕ1
. From these relations and the definitions of U0 and V0, we have
∂U0
∂ϕ1
=
∂V0
∂ρ1
= u0,
∂U0
∂ρ1
= −v0 and ∂V0
∂ϕ1
= v0.
Hence we obtain
F (τ1(s1), · · · , τr(sr)) · τ ′1(s1)
=
∂
∂s1
((∫
F (ϕ1, ρ1, · · · , ϕr, ρr) dϕ1
)
(ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))
)
.
Since u1+
√−1v1 is holomorphic with respect to τ2(= ϕ2+
√−1ρ2), we have
∂u1
∂ϕ2
=
∂v1
∂ρ2
and
∂u1
∂ρ2
= − ∂v1
∂ϕ2
. From these relations and the definitions of U1
and V1, we have
∂U1
∂ϕ2
=
∂V1
∂ρ2
= u1,
∂U1
∂ρ2
= −v1 and ∂V1
∂ϕ2
= v1.
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Hence we obtain
F (τ1(s1), · · · , τr(sr)) · τ ′1(s1) · τ ′2(s2) =
∂2
∂s1∂s2
((∫∫
F (ϕ1, ρ1, · · · , ϕr, ρr)dϕ1dϕ2
)
(ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))
)
.
In the sequel, by repeating the same discussion, we obtain
F (τ1(s1), · · · , τr(sr)) · τ ′1(s1) · · · τ ′r(sr)
=
∂r
∂s1 · · · ∂sr
(
F̂ (ϕ1(s1), ρ1(s1), · · · , ϕr(sr), ρr(sr))
)
.
From this relation, we can derive the statement of this corollary directly. 
We consider the case where N = G/K is an dm-dimensional simply con-
nected rank one symmetirc space of compact type and constant maximal sec-
tional curvature 4c, that is, N = FPm(4c) (F = C, Q or O), where Q (resp.
O) denotes the quaternionic algebra (resp. the Octonian) and d is given by
d = 2 (when F = C), d = 4 (when F = Q) or d = 8 (when F = O). Note that
FPm(4c) =

SU(m+ 1)/S(U(1)× U(m)) (F = C)
Sp(m+ 1)/(Sp(1)× Sp(m)) (F = Q)
F4/Spin(9) (F = O, m = 2).
In these cases, we have △+ = {
√
ce∗, 2
√
ce∗}, where e∗ denotes the dual
1-form of the unit vector e of b (dim b = 1 in these cases). Also, we have
dim p√ce∗ = d(m − 1) and dim p2√ce∗ = d − 1. Hence, as a corollary of
Theorem 5.4, we obtain the following fact.
Corollary 5.6. Let H y FPm(4c) be a Hermann action. Then the submani-
fold Lτ is a special Lagrangian submanifold of phase θ if and only if τ satisfies
the following ordinary differential equation:
(5.4) Im
(
e
√−1θ · sinmV (√cτ (s)) · sind−1(2√cτ (s)) · cosmH (√cτ (s)) · dτ
ds
)
= 0,
where mV (resp. mH) denotes mV√
ce∗
(resp. mH√
ce∗
).
Proof. Let {J1, · · · , Jd−1} be the complex structure, the canonical local basis
of the quaternionic structure or the Cayley structure of FPm(4c). Then, since
FP dm(4c) is of rank one, this action is of cohomogeneity one. It is shown that
this action is commutative (i.e., θ ◦ σ = σ ◦ θ). In fact, Hermann actions on
FPm(4c) are classified as in Table 1 and all of Hermann actions in Table 1 are
commutative. Since H y FP dm(4c) is commutative, it is shown that H · o
and the normal umbrella Expo(T
⊥
o (H ·o)) are reflective submanifolds, that is,
they are Ji-invariant (i = 1, · · · , d − 1). This implies that T⊥o (H · o) = p ∩ q
includes p2
√
ce∗ . Hence we have m
V
2
√
ce∗
= d− 1 and mH
2
√
ce∗
= 0. Therefore,
the statement of this corollary follows from Theorem 5.4 directly. 
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K. Hashimoto and K. Mashimo ([HM]) gave the ordinary differential equa-
tion corresponding to (5.3) for the Hamiltonian actionK y TSn(1)(= SO(n+
1,C)/SO(n,C)) induced from the restricted action K y Sn(1)(= SO(n +
1)/SO(n)) of the linear isotropy action of any irreducible rank two symmetric
space G/K (see Theorem 5.2 of [HM]), where n := dimG/K − 1 and Sn(1)
is the unit sphere of To(G/K). Here we note that the action K y S
n(1) is
a non-Hermann action of cohomogeneity one (stated in (ii) of Theorem A in
[Kol]).
Let K y CPn(4)(= SU(n + 1)/S(U(1) × U(n))) be the action induced
from the restricted action K y S2n+1 of the linear isotropy action of any
irreducible rank two Hermitian symmetric space G/K through the Hopf fi-
bration π : S2n+1(1)→ CPn(4), where n = 12 · dimG/K − 1 and S2n+1(1) is
the unit sphere of To(G/K). Here we note that the action K y CP
n(4) is
a non-Hermann action of cohomogeneity one (stated in (iii) of Theorem A in
[Kol]). Recently, M. Arai and K. Baba ([AB]) gave the ordinary differential
equation corresponding to (5.3) for the Hamiltonian action K y TCPn(4)(=
SL(n + 1,C)/(SL(1,C)× SL(n,C))) induced from the action K y CPn(4)
(see Theorems 2.1-2.4 of [AB]).
According to the classification of cohomogeneity one actions on irreducible
symmetric spaces G/K of compact type such that G is simple (i.e., G/K is of
type I in [H]) by A. Kollross (see Theorem B of [Kol]), any Hermann action
on FPm(4c) is orbit equivalent to one of Hermann actions in Table 1.
H y G/K(= FPm(4c))
S(U(1)× U(m))y SU(m+ 1)/S(U(1) × U(m)) isotropy action
S(U(m)× U(1))y SU(m+ 1)/S(U(1) × U(m)) −
SO(m + 1)y SU(m+ 1)/S(U(1) × U(m)) −
Sp(1)× Sp(m)y Sp(m+ 1)/(Sp(1)× Sp(m)) isotropy action
Sp(m)× Sp(1)y Sp(m+ 1)/(Sp(1)× Sp(m)) −
U(m+ 1)y Sp(m+ 1)/(Sp(1)× Sp(m)) −
Spin(9)y F4/Spin(9) isotropy action
Sp(3) · Sp(1)y F4/Spin(9) −
Table 1 : Hermann actions on FPm(4c)
For all Hermann actions of cohomogeneity two on irreducible rank two
symmetric spaces of compact type, we shall give the following datas:
(△b)+, (△b)V+ , (△b)H+ , mVβ (β ∈ (△b)V+), mHβ (β ∈ △b)H+ ).
All of such Hermann actions and the above datas for the actions are given as in
Table 2. By using Table 2, we can explicitly describe the ordinary differential
equation (5.3) for the Hermann actions of cohomogeneity two on irreducible
rank two symmetric spaces of compact type. In Table 2, in the case where
(△b)+ = (△b)V+ ∪ (△b)H+ is {β1, β2, β1+β2}, it implies a positive root system
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of the root system of (a2)-type ((β1(e1), β1(e2)) = (2, 0), (β2(e1), β2(e2)) =
(−1,√3)), in the case where (△b)+ is {β1, β2, β1 + β2, 2β1 + β2}, it implies a
positive root system of the root system of (b2)(=(c2))-type ((β1(e1), β1(e2)) =
(1, 0), (β2(e1), β2(e2)) = (−1, 1)) and in the case where (△b)+ is {β1, β2, β1+
β2, β1+2β2, β1+3β2, 2β1+3β2}, it implies a positive root system of the root
system of (g2)-type ((β1(e1), β1(e2)) = (2
√
3, 0), (β2(e1), β2(e2)) = (−
√
3, 1)).
Also, ρi (i = 1, · · · , 16) imply automorphisms of G whose dual actions are
given as in Table 3 and (•)2 implies the product Lie group (•) × (•) of a
Lie group (•), •
(m)
in the column of (△b)+, (△b)V+ and (△b)H+ imply m• =
m, mV• = m and m
H
• = m, respectively. Note that Tables 2 and 3 are based
on Tables 1 and 2 in [Koi2].
H y G/K (△b)V+ , mV• (△b)H+ , mH•
ρ1(SO(3))y SU(3)/SO(3) {β1
(1)
} {β2
(1)
, β1 + β2
(1)
}
SO(6)y SU(6)/Sp(3) {β1
(2)
, β2
(2)
, β1 + β2
(2)
} {β1
(2)
, β2
(2)
, β1 + β2
(2)
}
ρ2(Sp(3))y SU(6)/Sp(3) {β1
(4)
} {β2
(4)
, β1 + β2
(4)
}
SO(q + 2)y { β1
(q−2)
, β2
(1)
, β1 + β2
(q−2)
, { β1
(q−2)
, β2
(1)
, β1 + β2
(q−2)
,
SU(q + 2)/S(U(2) × U(q)) 2β1 + β2
(1)
} 2β1 + β2
(1)
, 2β1
(1)
, 2β1 + 2β2
(1)
}
(q > 2)
S(U(j + 1)× U(q − j + 1))y { β1
(2j−2)
, β1 + β2
(2q−2j−2)
, { β1
(2q−2j−6)
, β2
(2)
,
SU(q + 2)/S(U(2) × U(q)) 2β1
(1)
, 2β1 + 2β2
(1)
} β1 + β2
(2j−2)
, 2β1 + β2
(2)
}
(q > 2)
S(U(2) × U(2))y {β1
(1)
, β1 + β2
(1)
} {β1
(1)
, β2
(1)
,
SU(4)/S(U(2)× U(2)) β1 + β2
(1)
, 2β1 + β2
(1)
}
(non-isotropy gr. act.)
SO(j + 1)× SO(q − j + 1)y { β1
(j−1)
, β1 + β2
(q−j−1)
} { β1
(q−j−1)
, β2
(1)
,
SO(q + 2)/SO(2)× SO(q) β1 + β2
(j−1)
, 2β1 + β2
(1)
}
SO(4) × SO(4)y {β1
(2)
, β2
(1)
, β1 + β2
(2)
, {β1
(2)
, β1 + β2
(2)
}
SO(8)/U(4) 2β1 + β2
(1)
}
ρ3(SO(4)× SO(4))y {β1
(2)
, β1 + β2
(2)
} {β1
(2)
, β2
(1)
, β1 + β2
(2)
,
SO(8)/U(4) 2β1 + β2
(1)
ρ4(U(4))y SO(8)/U(4) {β1
(1)
, β1 + β2
(1)
} {β1
(3)
, β2
(1)
, β1 + β2
(3)
,
2β1 + β2
(1)
SO(4) × SO(6)y {β1
(2)
, β2
(2)
, β1 + β2
(2)
, {β1
(2)
, β2
(2)
, β1 + β2
(2)
,
SO(10)/U(5) 2β1 + β2
(2)
, 2β1
(1)
, 2β1 + 2β2
(1)
} 2β1 + β2
(2)
SO(5) × SO(5)y {β1
(2)
, β2
(2)
, β1 + β2
(2)
, {β1
(2)
, β2
(2)
, β1 + β2
(2)
,
SO(10)/U(5) 2β1 + β2
(2)
} 2β1 + β2
(2)
, 2β1
(1)
, 2β1 + 2β2
(1)
Table 2 :Hermann actions on rank two symmetric spaces
26 NAOYUKI KOIKE
H y G/K (△b)V+ , mV• (△b)H+ , mH•
ρ5(U(5))y SO(10)/U(5) {β1
(4)
, 2β1
(1)
, 2β1 + 2β2
(1)
} {β2
(4)
, β1 + β2
(4)
, 2β1 + β2
(4)
}
SO(2)2 × SO(3)2 y {β1
(1)
, β2
(1)
, β1 + β2
(1)
, {β1
(1)
, β2
(1)
, β1 + β2
(1)
,
(SO(5) × SO(5))/SO(5) 2β1 + β2
(1)
} 2β1 + β2
(1)
}
ρ6(SO(5))y {β1
(2)
} {β2
(2)
, β1 + β2
(2)
, 2β1 + β2
(2)
}
(SO(5) × SO(5))/SO(5)
ρ7(U(2))y Sp(2)/U(2) {β1
(1)
, β1 + β2
(1)
} {β2
(1)
, 2β1 + β2
(1)
}
SU(q + 2)y { β1
(2q−4)
, β2
(2)
, β1 + β2
(2q−4)
} { β1
(2q−4)
, β2
(2)
, β1 + β2
(2q−4)
}
Sp(q + 2)/Sp(2)× Sp(q) 2β1 + β2
(2)
, 2β1
(1)
, 2β1 + 2β2
(1)
} 2β1 + β2
(2)
, 2β1
(2)
, 2β1 + 2β2
(2)
}
(q > 2)
SU(4) y {β1
(2)
, β2
(1)
, β1 + β2
(2)
} {β1
(2)
, β2
(2)
, β1 + β2
(1)
}
Sp(4)/Sp(2) × Sp(2) 2β1 + β2
(1)
} 2β1 + β2
(3)
}
U(4) y {β1
(2)
, β2
(2)
, β1 + β2
(2)
} {β1
(2)
, β2
(1)
, β1 + β2
(1)
}
Sp(4)/Sp(2) × Sp(2) 2β1 + β2
(2)
} 2β1 + β2
(2)
}
Sp(j + 1)× Sp(q − j + 1)y { β1
(2j−4)
, 2β1
(3)
, β1 + β2
(4q−4j−4)
} { β1
(4q−4j−4)
, β2
(4)
, β1 + β2
(4j−4)
}
Sp(q + 2)/Sp(2)× Sp(q) 2β1 + 2β2
(3)
} 2β1 + β2
(4)
}
(q > 2)
Sp(2) × Sp(2)y {β1
(3)
, β1 + β2
(3)
} {β1
(1)
, β2
(3)
, 2β1 + β2
(4)
}
Sp(4)/Sp(2) × Sp(2)
SU(2)2 · SO(2)2 y {β1
(1)
, β2
(1)
, β1 + β2
(1)
, {β1
(1)
, β2
(1)
, β1 + β2
(1)
,
(Sp(2) × Sp(2))/Sp(2) 2β1 + β2
(1)
} 2β1 + β2
(1)
}
ρ8(Sp(2))y {β1
(2)
, β1 + β2
(2)
} {β2
(2)
, 2β1 + β2
(2)
}
(Sp(2) × Sp(2))/Sp(2)
Table 2 :Hermann actions on rank two symmetric spaces (continued)
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H y G/K (△b)V+ , mV• (△b)H+ , mH•
ρ9(Sp(2))y {β1
(2)
, β1 + β2
(2)
} {β2
(2)
, 2β1 + β2
(2)
}
(Sp(2)× Sp(2))/Sp(2)
Sp(4)y {β1
(4)
, β2
(3)
, β1 + β2
(3)
, {β1
(4)
, β2
(3)
, β1 + β2
(6)
,
E6/Spin(10) · U(1) 2β1 + β2
(4)
} 2β1 + β2
(1)
}
SU(6) · SU(2) y {β1
(4)
, β2
(2)
, β1 + β2
(4)
, {β1
(4)
, β2
(4)
, β1 + β2
(5)
,
E6/Spin(10) · U(1) 2β1 + β2
(2)
, 2β1
(1)
, 2β1 + 2β2
(1)
} 2β1 + β2
(3)
}
ρ10(SU(6) · SU(2))y {β1
(4)
, β2
(4)
, β1 + β2
(4)
, {β1
(4)
, β2
(2)
, β1 + β2
(5)
,
E6/Spin(10) · U(1) 2β1 + β2
(4)
, 2β1
(1)
, 2β1 + 2β2
(1)
} 2β1 + β2
(1)
}
ρ11(Spin(10) · U(1))y {β1
(8)
, 2β1
(1)
, 2β1 + 2β2
(1)
} {β2
(6)
, β1 + β2
(9)
, 2β1 + β2
(5)
}
E6/Spin(10) · U(1)
ρ12(Spin(10) · U(1))y {β1
(6)
, β2
(1)
, β1 + β2
(6)
, {β1
(2)
, β2
(5)
, β1 + β2
(3)
,
E6/Spin(10) · U(1) 2β1 + β2
(1)
} 2β1 + β2
(4)
, 2β1
(1)
, 2β1 + 2β2
(1)
}
Sp(4)y E6/F4 {β1
(4)
, β2
(4)
, β1 + β2
(4)
} {β1
(4)
, β2
(4)
, β1 + β2
(4)
}
ρ13(F4)y E6/F4 {β1
(8)
} {β2
(8)
, β1 + β2
(8)
}
ρ14(SO(4))y {β1
(1)
, 3β1 + 2β2
(1)
} {β2
(1)
, β1 + β2
(1)
, 2β1 + β2
(1)
,
G2/SO(4) 3β1 + β2
(1)
}
ρ15(SO(4))y {β1
(1)
, 3β1 + 2β2
(1)
} {β2
(1)
, β1 + β2
(1)
, 2β1 + β2
(1)
,
G2/SO(4) 3β1 + β2
(1)
}
ρ16(G2)y {β1
(2)
, 3β1 + 2β2
(2)
} {β2
(2)
, β1 + β2
(2)
, 2β1 + β2
(2)
,
(G2 ×G2)/G2 3β1 + β2
(2)
}
SU(2)4 y {β1
(1)
, β2
(1)
, β1 + β2
(1)
, {β1
(1)
, β2
(1)
, β1 + β2
(1)
,
(G2 ×G2)/G2 2β1 + β2
(1)
, 3β1 + β2
(1)
, 3β1 + 2β2
(1)
} 2β1 + β2
(1)
, 3β1 + β2
(1)
, 3β1 + 2β2
(1)
}
Table 2 :Hermann actions on rank two symmetric spaces (continued2)
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H y G/K H∗ y G∗/K
ρ1(SO(3))y SU(3)/SO(3) SO0(1, 2)y SL(3,R)/SO(3)
ρ2(Sp(3))y SU(6)/Sp(3) Sp(1, 2)y SU
∗(6)/Sp(3)
ρ3(SO(4)× SO(4))y SO(8)/U(4) SO(4,C)y SO∗(8)/U(4)
ρ4(U(4))y SO(8)/U(4) U(2, 2)y SO
∗(8)/U(4)
ρ5(U(5)) y SO(10)/U(5) U(2, 3)y SO
∗(10)/U(5)
ρ6(SO(5))y (SO(5)× SO(5))/SO(5) SO0(2, 3)y SO(5,C)/SO(5)
ρ7(U(2))y Sp(2)/U(2) U(1, 1)y Sp(2,R)/U(2)
ρ8(Sp(2))y (Sp(2)× Sp(2))/Sp(2) Sp(2,R)y Sp(2,C)/Sp(2)
ρ9(Sp(2))y (Sp(2)× Sp(2))/Sp(2) Sp(1, 1)y Sp(2,C)/Sp(2)
ρ10(SU(6) · SU(2))y E6/Spin(10) · U(1) SU(1, 5) · SL(2,R)y E−146 /Spin(10) · U(1)
ρ11(Spin(10) · U(1))y E6/Spin(10) · U(1) SO∗(10) · U(1)y E−146 /Spin(10) · U(1)
ρ12(Spin(10) · U(1))y E6/Spin(10) · U(1) SO0(2, 8) · U(1)y E−146 /Spin(10) · U(1)
ρ13(F4)y E6/F4 F
−20
4 y E
−26
6 /F4
ρ14(SO(4))y G2/SO(4) SL(2,R) × SL(2,R)y G22/SO(4)
ρ15(SO(4))y G2/SO(4) ρ
∗
15(SO(4))y G
2
2/SO(4)
ρ16(G2)y (G2 ×G2)/G2 G22 y GC2 /G2
Table 3 :The dual actions of ρi
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